Unconventional receivers enable reduction of error rates in optical communication systems below the standard quantum limit (SQL) by implementing discrimination strategies for constellation symbols that go beyond the canonical measurement of information-carrying quantities such as the intensity or quadratures of the electromagnetic field. An example of such a strategy is presented here for average-power constrained binary constellations propagating through a phase noise channel. The receiver, implementing a coherent displacement in the complex amplitude plane followed by photon number resolved detection, can be viewed as an interpolation between direct detection and homodyne detection.
INTRODUCTION
In optical communication systems, information can be carried by the intensity, the phase, or generally by the complex amplitude of the electromagnetic field. Detection of any of these quantities, which conventionally serves as the basis to determine the transmitted symbol, is ultimately limited by the shot noise. Error rates resulting from the standard measurement of the information-carrying quantity performed at the shot-noise level are usually referred to as the standard quantum limit (SQL).
Quantum mechanics offers a more general perspective on the task of identifying the transmitted symbols. In quantum theory, individual symbols are associated with respective quantum states of the electromagnetic field represented mathematically by so-called density operators. Quantum fluctuations of the electromagnetic field imply that these states are not fully distinguishable in the quantum mechanical sense, i.e. there does not exist, even in principle, a measuring apparatus that would discriminate between them with a zero error rate. However, quantum mechanical analysis of the discrimination problem reveals that in many scenarios reduction of error rates below the SQL should be nevertheless possible [1] .
The purpose of this contribution is to discuss a strategy to beat the SQL in a scenario when a binary constellation is used for information transmission over a phase noise channel [2] - [5] . The described strategy is based on a generalization of a receiver proposed by Kennedy [6] in which a displacement of the constellation in the complex amplitude plane is followed by photon number resolved direct detection.
SQL FOR BINARY CONSTELLATIONS
A binary constellation is formed by a pair of equiprobable complex field amplitudes α 0 and α 1 representing the two bit values. The amplitudes will be specified here in units such that |α 0 | 2 and |α 1 | 2 give the mean photon number carried by each symbol. The constraint on the average optical power of the constellation reads
The mean photon number per symboln is a function of the signal power spectral density. A generic example is the on-off keying (OOK) constellation with α 0 = 0 and α 1 = √ 2n shown in Fig. 1(a) . The conventional method to read out the bit value carried by an OOK symbol is to measure the signal intensity using direct detection (DD). At the fundamental level, the outcome of the standard measurement of light intensity based on the photoelectric effect has a granular form of individual photocounts. In an idealized scenario when no technical noise is present, the inferred bit value depends on whether at least one photocount has been generated over the symbol time frame or none at all. Errors arise from the fact that detection of a coherent pulse with an amplitude α 1 is described by a Poisson point process with the overall zero-count probability equal to exp(−|α 1 | 2 ). Because errors occur only for the α 1 symbol, the average error probability for the OOK/DD scheme reads This expression, plotted in Fig. 2 , defines the SQL for the OOK constellation. Idealized photodetection with unit quantum efficiency has been assumed. Non-unit efficiency can be taken into account in a straightforward manner by rescaling input complex amplitudes. Fig. 1 (b) depicts the binary phase shift keying (BPSK) constellation with α 1 = −α 0 = √n . In this case, the bit value can be determined by measuring the in-phase I quadrature. Shot-noise limited homodyne detection of the I quadrature is characterized by the probability density function
The quadrature value x is specified in dimensionless units such that the shot noise variance is (∆x) 2 = 1/2. The SQL error probability for the BPSK constellation readout using shot-noise limited homodyne detection is given by
where erf is the error function. This is lower compared to the OOK/DD combination for the same average optical powern, as seen in Fig. 2 .
HELSTROM LIMIT
From a general perspective, one can consider a receiver directly producing a binary outcome corresponding to the two constellation symbols. Ultimately, the error probability attainable with such a receiver is limited by quantum fluctuations inherently present in the electromagnetic field rather than noise specific to any concrete detection scheme. To incorporate quantum fluctuations in the analysis, one needs to resort to the concept of coherent states, which provide a complete quantum mechanical representation of an electromagnetic field waveform with a well defined complex amplitude [7] . Interestingly, minimization of the error probability over all detection strategies permitted in quantum mechanics yields the result in a closed analytical form. The expression is the celebrated Helstrom bound [1] , which for a pair of coherent states with amplitudes α 0 and α 1 takes the form As pointed out by Kennedy [6] , a nearly optimal discrimination between BPSK symbols can be achieved by displacing the constellation in the complex amplitude plane such that the amplitude of one the symbols is nulled, followed by direct detection. This so-called Kennedy receiver is shown schematically in Fig. 3 . The conditional probabilities for detection outcomes are equivalent to those for the OOK/DD scheme, but with the effective optical power twice as large. Consequently the resulting error probability is exp(−4n)/2 which differs from the Helstrom bound only by a factor 1/2. The performance of the Kennedy receiver can be improved for smalln by fine-tuning the displacement in the complex amplitude plane [8] - [10] . The Helstrom bound is saturated for any average optical powern by the Dolinar receiver [11] , [12] which uses an adaptive photocounting measurement strategy. The adaptive approach can be extended to larger constellations, such as quadriphase shift keying (QPSK) [13] .
PHASE NOISE
The effect of a phase noise channel is a multiplication of the complex amplitude α by a random phase factor, α → αe iφ . The phase shift φ will be taken as a Gaussian random variable with variance σ 2 . Consequently, in the presence of phase noise probabilities of detection events need to be averaged according to
Obviously, the OOK/DD scheme is not affected by the phase noise and the SQL given in Eq.
(2) holds also in this scenario. The error probability for the BPSK constellation with homodyne detection reads
Because weak phase noise modifies primarily the Q quadrature, its effect on the error probability in the BPSK/hom scenario is rather minor for σ 1 rad [5] . However, with increasing phase noise strength discrimination of BPSK symbols based on the outcome of homodyne detection becomes more and more difficult. Geiger-mode detector without photon number resolution was used.
Above a certain threshold it is more beneficial to use the OOK/DD combination. These two alternative schemes are optimal in the respective regions of the phase noise strength also if general binary constellations with the average power constraint given by Eq. (1) are taken into account, but the readout is restricted exclusively to either direct detection or homodyne detection.
GENERALIZED KENNEDY RECEIVER
Reduction of the error probability below the SQL can be achieved using a generalized version of the Kennedy receiver shown in Fig. 3 . The first ingredient is optimization of the displacement in the complex amplitude plane beyond nulling one of the symbols. The second one is the use of a detector with photon number resolving (PNR) capability. The photocount statistics for a complex amplitude α subjected to phase noise and displaced by β reads
In the case of a binary constellation formed by amplitudes α 0 and α 1 the bit value is decided based on whether the photocount number k exceeds a threshold value K or not. Consequently, the error probability is given by the expression:
The above expression is to be optimized numerically with respect to α 0 , α 1 , β, and K under two constraints. The first one, given in Eq. (1), defines the average signal power. The second one is that the integer K has to remain below the maximum number of photons that can be resolved by the photodetector for a single symbol. This PNR ceiling is motivated by limitations of currently available single photon detectors [14] .
RESULTS
The results of optimization forn = 2 are shown in Fig. 4 as a function of the phase noise strength σ. It is seen that up to the value σ 0.25 rad it is possible to beat the standard quantum limit, but this requires increasing PNR capability. Above this value the performance becomes comparable to homodyne detection. Note that in this regime the displacement β becomes relatively large and the receiver can be viewed as a regular homodyne setup with a strong local oscillator. Interestingly, for σ 0.4 rad sub-SQL operation can be restored again. In this region, the optimal conventional strategy is the OOK/DD combination. As seen in Fig. 4(b,c) , a minor departure from the OOK constellation combined with a small displacement β facilitates reduction of the error rate below the SQL. The optimal threshold value for the photocount number is K = 0, i.e. PNR capability is not required. Noteworthily, this strategy approaches the Helstrom bound calculated for coherent states subjected to phase noise. The optimal constellation for σ = 0.45 rad has been depicted in Fig. 1(c) ,(f).
CONCLUSIONS
Unconventional detection strategies hold the promise of reducing error rates in optical communication systems below the standard quantum limit. The example presented in this paper shows that such reduction is possible also in the presence of phase noise. The generalized Kennedy receiver can be viewed as an interpolation between direct detection (when the displacement of the complex amplitude is zero) and homodyne detection (realized for a very large displacement). When combined with the optimization of the input binary constellation under the average power constraint, such a receiver exhibits enhanced performance for both low and high noise strengths, in the latter case approaching the quantum mechanical Helstrom bound. 
